We present results of quenched lattice calculations of the matrix elements relevant for B d −B d and B s −B s mixing in the Standard Model. Results for the corresponding SU (3)-breaking ratios, which can be used to constrain or determine |V td |, are also given. The calculations are performed at two values of the lattice spacing, corresponding to β = 6.0 and β = 6.2, with quarks described by a mean-field-improved Sheikholeslami-Wohlert action. As a by-product, we obtain the leptonic decay constants of B and D mesons. We also present matrix elements relevant for D 0 −D 0 mixing. Our results are summarized in the Introduction.
Introduction
The study of B d −B d oscillations enables measurement of the magnitude of the poorly known Cabibbo-Kobayashi-Maskawa (CKM) matrix element, V td , and thus the determination of one of the sides of the unitarity triangle. The frequency of these oscillations is given by the mass difference,
where M 1 It is also calculable in the Standard Model. Keeping only dimension six operators after an operator product expansion (OPE) in which the top quark and W boson are integrated out, the Standard Model prediction for ∆m d is, to next to leading order (NLO) [3, 4] :
where x t = m 
Since |V tb | is equal to unity to very good accuracy, a measurement of ∆m d clearly enables the determination of |V td |. The accuracy of this determination is limited, at present, by the theoretical uncertainty in the calculation of the non-perturbative, strong-interaction effects in the matrix-element
An alternative approach, in which many theoretical uncertainties cancel, is to consider the ratio, ∆m s /∆m d , where ∆m s is the mass difference in the neutral B s −B s system. In the Standard Model,
where O , with d replaced by s, and where we have omitted the renormalization-scale dependence, as it cancels in the ratio. Because the unitarity of the CKM matrix implies |V ts |≃|V cb | to a few percent and a clean extraction of |V cb | can be achieved by analysing semileptonic B decays [6] , a measurement of ∆m s /∆m d yields a determination of |V td |. The high frequency of B s −B s oscillations makes this a challenging measurement. Nevertheless, the experimental lower bounds obtained on ∆m s [1, 2] already yield interesting constraints on the unitarity triangle [1, [7] [8] [9] [10] [11] [12] .
The matrix elements which appear in Eq. (4) are traditionally parametrized as
where q = d or s and where the parameter, B Bq (µ), measures deviations from vacuum saturation, corresponding to B Bq (µ) = 1. Here, f Bq is the decay constant defined by
One also usually introduces a renormalization-group invariant and scheme-independent parameter,B Bq , which to NLO in QCD is given bŷ
where C B (µ) is given by Eq. (3) as long as B Bq (µ) is computed in the NDR-MS scheme with five active quarks. For consistency with the value of η B given after Eq. (2), α s should be taken to have its two-loop value with Λ In the present paper we report on high-statistics, quenched lattice QCD calculations of matrix elements and corresponding SU(3)-breaking ratios relevant for neutral B-meson mixing. We obtain the SU(3)-breaking ratio r sd in two ways: 1) by calculating B Bs /B B d and f Bs /f B d and combining these two ratios with the experimental mass ratio, M Bs /M B d ("indirect" method); 2) by calculating the matrix elements, B d,s |O ∆B=2 d,s |B d,s , directly and taking their ratio ("direct" method), as suggested in [13] . The methods differ in that the experimental values of the B d and B s masses are used in 1) and not in 2). They also differ in the required light-and heavy-quark-mass interpolations and extrapolations, since for the "direct" method it is the matrix element and corresponding ratio which are interpolated and extrapolated, while for the "indirect" method it is the B-parameters, decay constants and corresponding ratios.
As described in more detail in Section 2, these calculations are performed at two values of the lattice spacing, a, (∼ (2.0 GeV) −1 and ∼ (2.7 GeV) −1 ), with relativistic Wilson fermions. In order to keep discretization errors in check, the lattice calculation is performed with heavy quarks whose masses are around that of the charm and the results are extrapolated to the mass of the b. Even in the charm sector, however, quarks have compton wavelengths which are not much larger than our lattice spacings and it is important to reduce discretization errors as much as possible. We attempt to do so by describing quarks with mean-field-improved [14] , Sheikholeslami-Wohlert (SW) actions [15] . When combined with improved operators, these actions lead to discretization errors which are formally smaller than those generated with an unimproved Wilson action (O (α s a) instead of O (a)), and which may be numerically smaller than those brought about by a treelevel-improved SW action. It is important to note that, as far as four-quark operators are concerned, non-perturbative O (a)-improvement has not yet been undertaken, and all lattice calculations of B 0 −B 0 mixing matrix elements have, as we do, O (α s a) discretization errors, or worse, O (a) errors. It is also important to remember that O (a 2 ) errors can be significant in the presence of heavy quarks in a relativistic approach.
Alternatively, one could take an effective theory approach and work with static, NRQCD or Fermilab quarks. In these approaches, the matrix elements are expanded in inverse powers of the heavy-quark mass to remove it from the long-distance dynamics. One important advantage is that discretization errors are no longer enhanced by this mass. An accurate description of the physics of the b quark, however, requires one to consider corrections in inverse powers of m b and the calculation of these corrections is made difficult by contributions proportional to inverse powers of a. The effective theory and relativistic approaches should thus be viewed as complementary.
An additional feature of our calculation is that we extrapolate SU(3)-breaking ratios in heavy-quark mass directly instead of first extrapolating numerator and denominator and then taking their ratio. The heavy-quark-mass dependence will cancel partially between numerator and denominator and therefore make the extrapolation more reliable. This approach turns out to be particularly fruitful for the determination of f Bs /f B , where the statistical error is significantly reduced by a direct extrapolation of the ratio.
Our main results are
where the first error is statistical and the second corresponds to the systematic uncertainties added in quadrature. In quantities involving ratios of B-parameters, the renormalizationscale dependence is not specified, as it cancels. We consider a wide array of systematic uncertainties, as discussed in Section 7. We normalize dimensionful quantities involving decay constants by f Ds because some systematic uncertainties, including possibly those associated with quenching, partially cancel in the ratio. Results in physical units can then be recovered by using the experimental measurement of f Ds 4 .
The results of Eq. (8) will be compared, in Section 8, to earlier calculations of some or all of these quantities performed with propagating heavy quarks [13, 23, 24] and with nonrelativistic quarks [25, 26] . Comparison of the B-parameters with results obtained using static heavy quarks [27] [28] [29] [30] will be addressed elsewhere [31] .
Because decay constants and the corresponding matrix elements are necessary for obtaining the results of Eq. (8), we also have results for these decay constants. We find
where the first error is statistical and the second systematic, as discussed in Section 7. A comparison with recent quenched results [32] [33] [34] [35] [36] [37] [38] [39] will be made in Section 8 and a discussion of unquenched results [38] [39] [40] [41] will be undertaken in Section 7.5. Note that results for f B can be combined with the measurement of the branching ratio for the rare decay B + → τ + ν τ , when it becomes available, to yield a clean determination of |V ub |.
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While short-distance D 0 −D 0 mixing is highly suppressed in the Standard Model [48] , it can be enhanced in supersymmetric extensions [49] [50] [51] [52] [53] , above even the long-distance contributions discussed in [54] . Thus, we give the B-parameter and decay-constant combinations relevant for the matrix element of the left-left, ∆C = 2 operator, which is one of the operators that can contribute in supersymmetric extensions:
where the two-loop α s (µ) is evaluated with Λ 
Simulation details
Our results are based on quenched, SU(3) gauge configurations, calculated on a 24 3 × 48 lattice at β = 6.2 and a 16 3 × 48 lattice at β = 6.0. The configurations are generated using the hybrid over-relaxed algorithm described in [55] . The parameters of the simulations are summarized in Table 1 .
We describe quarks with the Sheikholeslami-Wohlert (SW) action [15] 
where S W F is the standard Wilson action, g 0 the bare gauge coupling, P µν a lattice definition of the field strength tensor, κ ψ the appropriate quark hopping parameter and c SW , the socalled clover coefficient. Here, ψ stands for both light (q) and heavy (Q) quarks. While with the Wilson action (c SW = 0) spectral quantities suffer from discretization errors of O(a), the tree-level value, c SW = 1, guarantees that these errors are reduced to O(α s a) [15, 56] . In the present paper we work with a mean-field estimate of the clover coefficient [14, 57] 4 . Since this estimate accounts for large tadpole contributions and is closer to the non-perturbative value of the clover coefficient [58] which removes O(a) errors to all orders in α s , our discretization errors may be numerically smaller than for c SW = 1. It is important to note, however, that in the presence of heavy quarks with masses am Q ∼ 0.3 or more, discretization errors of O ((am Q )
2 ) may be comparable to those of O (α s am Q ).
In order to improve matrix elements up to O (α s a), we must further "rotate" the quark fields [56] :
where D µ is the symmetric covariant derivative, m ψ the bare quark mass to be defined later and z is a real parameter which can have any value between 0 and 1. For heavy quarks, a large source of discretization errors is the mismatch in the normalization of tree-level, zeromomentum, continuum and lattice quark propagators. Eq. (13) with z = 0 corrects this mismatch at O (a). Since we can compensate this mismatch completely by implementing the EKLM normalization [59] ,
we choose the latter instead of Eq. (13).
At both values of the lattice spacing, we work with several values of the heavy-quark hopping parameter straddling the charm. This enables us to extrapolate our results in heavy-quark mass from the charm sector, where discretization errors appear to be only a fraction of the result, to the bottom sector, where these errors would be very large were we to perform the simulation directly with such quarks. We also consider several values of the light-quark hopping parameter around that of the strange. Then, we interpolate our results in light-quark mass to the strange and extrapolate them to the chiral limit. The values of the hopping parameters used in our work are given in Table 2 . For completeness, the masses of the corresponding light-light and heavy-light pseudoscalar mesons are also given in physical units.
To isolate the ground state more efficiently in the correlation functions that we calculate, we use fuzzed sources and/or sinks [60] . These are extended interpolation operators which have improved overlap with the ground state. Of course, operators whose matrix elements we wish to compute are kept local.
Statistical errors are estimated from a bootstrap procedure [61] , which involves the creation of 1000 bootstrap samples from our set of 188 (498) configurations at β = 6.2 (β = 6.0). Correlators are fitted for each sample by minimizing χ 2 . The quoted statistical errors are obtained from the central 68% of the corresponding bootstrap distribution.
To convert our values for decay constants into physical units we need an estimate of the inverse lattice spacing. The determination of this quantity is discussed in Section 5.
Matching and running
Because the lattice and the continuum treat ultraviolet modes differently, the extraction of continuum matrix elements from lattice calculations requires a matching procedure.
Ideally, this matching is performed non-perturbatively. For our mean-field improved action, however, non-perturbative matching coefficients are not available and we resort to perturbation theory instead.
The simulation is performed with the fermion action of Eq. (12) with c SW = 1/u 3 0 and the standard Wilson gauge action. However, the fully mean-field improved action would involve normalizing each occurrence of a link variable in the action by the measured value of u 0 . To recover the results we would have obtained had we used the latter we must, in interpreting the results of our simulation, use rescaled bare couplingsᾱ s = α s /u 4 0 and κ ψ = κ ψ u 0 , with α s = g 2 0 /(4π). c SW already has its desired rescaled value and no additional rescaling is necessary.ᾱ s is actually only a first guess at an improved expansion parameter and one may try to optimize this choice [14] . This issue will be elaborated on at the end of the present section and, for the moment, we will generically denote the coupling by α s .
In perturbation theory, the effect of normalizing link variables is obtained by expanding the factors of u 0 in powers of the strong coupling. At O (α s ) we have [14] ,
This means that every occurrence of κ ψ in a first order perturbative expression must be replaced byκ ψ (1 − To extract the B-parameters of Eq. (5) from ratios of three-point and two-point correlation functions on the lattice, we must match the mean-field improved, EKLM-normalized lattice axial-vector current to its continuum counterpart via
where am q,Q = (1/κ q,Q − 1/κ cr )/2, withκ cr the mean-field improved version of the critical hopping parameter, κ cr , which is determined non-perturbatively as detailed in Section 5.
Using the results of Refs. [62, 63] , we find at one loop 6 :
where, in the notation of [62] , ∆ γµγ 5 and ∆ Σ 1 arise from the one-loop corrections to the vertex γ µ γ 5 and to the quark wave-function, respectively. The effect of mean-field improvement is encoded in the term proportional to X. Without mean-field improvement,
i.e. X = 0, the coefficient of α s /4π would be substantially larger: 18.39 instead of 5.23 for c SW = 1.
The matching of the four-quark operator O ∆F =2 q (F stands for the flavour of the heavy quark) is complicated by the fact that Wilson-type fermions break chiral symmetry explicitly, inducing mixing amongst four-quark operators of different chirality. The following five operators form a complete basis for this mixing on the lattice in the parity-conserving sector:
where a sum over Lorentz indices is implicit and where Γ × Γ stands for 
Z 11 has a logarithmic dependence on aµ, where µ is the scale at which the continuum operator is renormalized, while Z 1i , i = 2, · · · , 5, remain finite as a vanishes. Tadpole improving the DRED results of [62] [63] [64] and using the matching between DRED and NDR-MS given in [65] , we find that one-loop matching to the NDR-MS scheme is given by:
where the ∆ Γ , Γ = γ µ , γ µ γ 5 , I and γ 5 arise from the one-loop corrections to the bilinear vertices associated with Γ.
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For the numerical evaluation of the renormalization constants, we choose to work with the MS coupling, α MS , obtained via
7 Here again, we use the more precise and general c SW results of [63] for ∆ Γ . where α V is the coupling defined from the heavy-quark potential. The latter is obtained from our simulations by solving [14] ln
Values of α MS for scales different from 3.41/a are obtained by solving the two-loop running equation numerically, with n f = 0. Both α MS and α V have been shown to lead to expansions which are much more convergent than those in terms of the bare lattice coupling [14] . For completeness, we give values of α MS (µ) for a collection of µ in Table 3 .
Having chosen the coupling, we must choose the scale, q * , at which it is evaluated. We take 2/a as a central value but allow q * to vary from 1/a to π/a to estimate the uncertainty associated with this choice. This range for q * covers typical, ultraviolet lattice scales.
As it is convenient for the heavy-quark extrapolations and does not generate large logarithms, we match the lattice results for the B-parameters at µ = M P l , where M P l is the mass of the heavy-light meson composed of a heavy antiquarkQ and a massless quark, l = d or u. As we will see in Section 6, the heavy-quark extrapolation yields B Bq (M B d ). Values for the renormalization-group-invariant and scheme-independent B-parameters are then simply obtained from Eqs. (7) and (3)
, with or without an expansion in α s of the term proportional to J 5 in Eq. (3) Since we match the matrix elements and B-parameters defined in Eq. (5) at one loop, we may choose to expand combinations of renormalization constants such as
, to order α s . In the present paper, all central values are obtained without expansion. Nevertheless, we have checked that expanding these combinations makes negligible differences in the final results. This is because the one-loop corrections to the renormalization constants are small, especially, after mean-field improvement.
Correlation functions
To determine ∆F = 2 matrix elements and their B-parameters, as well as decay constants, we compute the following two-and three-point functions:
Here, the subscripts F on operators indicate that they are fuzzed [60] , while operators with no F are local. For the correlation functions, the superscripts F and L indicate which of their operators are fuzzed (F ) or local (L). In Eq. (24), A lat 0 is the time component of the EKLM-normalized axial-vector current defined in Eq. (17), P F is a fuzzed [60] version of the pseudoscalar densityQγ 5 q, and O stands for any of the four-fermion operators in Eqs. (19) and (20). In the present section, we set the lattice spacing a = 1 and omit light-quark indices on heavy-light quantities, for notational simplicity.
At large time separations, the three-point correlation function C
F LF O
(t x , t y ) has the asymptotic behaviour
where M P is the mass of the pseudoscalar P . Therefore, fits to the ratios of correlation functions:
where B P is the B-parameter corresponding to the heavy-light meson P , yield the desired quantities up to renormalization constants that we determine perturbatively (see Section 3) and factors of M P and of the type, 0|P F |P , that we determine from fits to the twopoint functions C F L P P (t x ) 9 and C F F P P (t x ), respectively. Note that in Eq. (27) , all pseudoscalar meson states |P have vanishing three-momentum. An example of a plateau for the ratio of Eq. (26) is shown in Figure 1 .
To determine the decay constants, we consider
In order to investigate the dependence of the matrix elements and B-parameters on heavy-and light-quark mass, we need the heavy-light and the light-light pseudoscalar 8 On our periodic lattices this corresponds to at y and a(T − t x ) much greater than 1 but small enough so that the desired time ordering dominates. Here, aT = 48 is the time extent of our lattices. We consider times t x and t y such that T /2 < t x < T and 0 < t y < T /2.
9 C F L P P gives a particularly good signal for M P . meson masses, and the light-light decay constants, which we use to set the scale. As already stated, we obtain the heavy-light pseudoscalar meson mass, M P , from a fit to the large time behaviour of C F L P P (t x ). Similarly, we get the light-light pseudoscalar meson mass, m p , from a study of the two-point function C F L pp (t x ) where p =q 1 γ 5 q 2 is the pseudoscalar bilinear made from the two light quarks q 1 and q 2 . Finally, the light-light pseudoscalar decay constant is obtained from a fit to the ratio C
, where a 0 is the EKLMnormalized version ofq 1 γ 0 γ 5 q 2 , much in the same way the heavy-light decay constant is obtained.
The time ranges over which the various correlation functions and ratios are fitted are given in Table 4 .
5 Light-quark-mass extrapolations and determination of the lattice spacing
Results for physical B d and B s mesons require investigations of the dependence of the lattice measurements on light-and heavy-quark masses. We begin by the light-quark-mass extrapolations and interpolations. To obtain κ cr , the critical value of the quark hopping parameter, we study the behaviour of the light-light pseudoscalar meson mass, m p , as a function of κ 1 and κ 2 , the hopping parameters of the light quarks which compose it. We assume that it obeys the PCAC relation 
wherem i is the O(a)-improved quark mass, given bỹ [66] . At tree level, which is sufficient with our mean-fieldimproved action, b m = −1/2. κ cr is then obtained by fitting the function of Eq. (29) to our results for (am p ) 2 , with β m and κ cr as fit parameters. κ 1 and κ 2 are taken amongst the values in the row labelled κ q in Table 1 . Addition of a term quadratic in quark mass in Eq. (29) makes very little difference to the central value for κ cr and this variation has negligible effect on the light-quark-mass extrapolations of the matrix elements of interest. The linear extrapolation of Eq. (29) is shown in Figure 2 .
For m p and all the quantities we study here, in addition to higher-order polynomial corrections in light-quark mass, chiral perturbation theory also predicts the presence of chiral logarithms. These logarithms, however, are difficult to isolate numerically and are modified by the quenched approximation at very small quark mass [67] [68] [69] . Thus, we perform polynomial interpolations and extrapolations from our intermediate values of lightquark mass.
Next we determine the lattice scale a −1 and the strange-quark mass,m s . We obtain both quantities simultaneously from the kaon's decay constant, f K , and its mass, m K . As long as the mass dependence of f p , the decay constant of a light-light pseudoscalar meson, can be described by a function of m 2 p only, Eq. (29) implies that both quantities depend only on the sum of quark masses and that only an interpolation in these masses, not an extrapolation, is needed to obtain af K . The use of f K , instead of, for instance, m K * , is prompted by the fact that the only quantities we report on here which depend strongly (i.e. not logarithmically) on a −1 are the heavy-light decay constants. Our procedure has the added benefit that it is also applicable in unquenched simulations 10 . Thus, we fit our 10 The K * is not a stable particle once quark loops are allowed. 
We find that this parameterization describes our results well and we solve for a, taking f K = 159.8 MeV and m K = 493.7 MeV. am s is then obtained from the resulting am K , using our earlier fit to Eq. (29) . The fits at our two values of the coupling are shown in Figure 3 . Because of the slight curvature, we favour the quadratic fits. These fits also give a value of f K /f π which is closer to the experimental result of 1.22: 1.16(3) (1.18(2)) for quadratic fits instead of 1.131(10) (1.147 (7)) for linear fits, at β = 6.2 (6.0). In any case, linear and quadratic fits give nearly identical results for the scale and am s . The values of Z A used are those obtained from Eq. (18) with α s = α MS (2/a). Systematic uncertainties in the determination of a −1 and am s will be addressed when we discuss the uncertainties on our B-physics results in Section 7. A summary of the results for κ cr and a −1 used below is given in Table 5 .
Having determined the strange quark mass and critical hopping parameters, we inter- polate and extrapolate our various heavy-light matrix elements in light-quark mass to these values. We assume that the up and the down quarks are massless. This is an excellent approximation for the quantities we study. As mentioned above, we perform polynomial interpolations and extrapolations from our values of light-quark mass. Thus, we fit all quantities of interest, Y , in lattice units, to the functional form:
In Figures 4, 5, 6 and 7 we exhibit the light-quark-mass dependence and the corresponding fits to Eq. (32) for the quantities 1/(aM Pq ), B Pq , a 4 P q |O ∆F =2 q |P q and af Pq /Z A , for all values of heavy-quark mass at β = 6.0 and 6.2. For clarity of presentation, the B parameters and a 4 P q |O ∆F =2 q |P q are renormalized at a common scale of 5 GeV 11 . In all cases, the light-quark-mass dependence is mild and, to good accuracy, linear. However, we do observe that the matrix elements of O ∆F =2 q have a stronger dependence on light-quark mass than the other quantities.
Heavy-quark-mass extrapolations
The second extrapolation we have to perform is in heavy-quark mass. We use Heavy Quark Effective Theory (HQET) as a guide, with M P l as a measure of the heavy-quark mass everywhere except for kinematical dependences, where the appropriate meson mass is used. As before, l stands for either a d or a u quark. Other choices for the heavyquark scale, such as M Ps , for instance, make very little difference to the final results. We 11 These values of B Pq and a 4 P q |O ∆F =2 q |P q are obtained by matching the lattice results onto the NDR-MS scheme at the scale 2/a, then running to 5 GeV in the MS scheme at two-loop level with n f = 0 and the coupling constant described in Section 3. = −4 and −8 for the decay constant and four-quark matrix element, respectively [70, 71] . Thus, we define
for the decay constants,
for the B-parameters, and
for the ∆F = 2 matrix element. Similar scaling functions are defined for SU(3)-breaking ratios, in which the leading logarithmic dependence on heavy-quark mass cancels. In Eqs. (33), (34) and (35), we evaluate α s (M) through 2π/(β 0 log(M/Λ QCD )) with Λ QCD = 100 MeV and β 0 = 11−(2/3)n f with n f = 0, since we are working in the quenched approximation. This one-loop coupling approximates the lattice couplings defined through Eqs. (22) and (23) rather well, for the values of M required here. In fact, final results depend weakly on the value Λ QCD used in the heavy-quark extrapolations (see also Figure 8 and discussion below).
and the corresponding scaling functions for SU(3)-breaking ratios, we use the HQET-inspired relation
to investigate the heavy-quark-mass scaling behaviour of these quantities. The leading logarithms make little difference in the extrapolation, as shown in Figure 8 where we plot the extrapolation of the ∆F = 2 matrix element, which has the strongest logarithmic dependence amongst the quantities we study, with and without these logarithms.
In Figures 9 and 10 we display our results for Φ q B (M P l ) and Φ q ∆F =2 (M P l ), constructed from B Pq (M P l ) and P q |O ∆F =2 q (M P l )|P q renormalized at M P l in the NDR-MS scheme, as functions of inverse heavy-meson mass at β = 6.0 and 6.2 and for q = s and l. In Figure 11 , we plot Φ q f (M P l ) versus 1/(aM P l ). Finally, in Figures 12, 13 and 14 we plot the extrapolations of the corresponding SU(3)-breaking ratios. The fit parameters of the heavy-quark-mass scaling of the various quantities studied are summarized in Table 6 . While the heavy-quark-mass dependence of most quantities is mild, that of Φ 
Influence of leading logarithms on heavy-quark-mass scaling: behaviour of
a 4 P l |O ∆F =2 l (M P l )|P l /aM P l (i.e.
logarithms omitted) and of
Φ l ∆F =2 (M P l )/α s (M B d ) 4/11 (i.
e. leading logarithms included) versus 1/(aM P l ).
We extrapolate SU(3)-breaking ratios directly in heavy-quark mass because the mass dependence cancels partially between numerator and denominator, making the extrapolation less pronounced and, thus, more reliable. This is especially visible for f Ps /f P l ( Figure  14) , where the extrapolation of the ratio yields much smaller uncertainties than the ratio of the extrapolations. In all cases, the extrapolation of the ratio is in excellent agreement with the ratio of extrapolations. It is interesting to note, also, that the heavy-quark-mass dependence of f Ps /f P l appears to be the same as that of M P l /M Ps .
Systematic uncertainties
Our main results at the two values of lattice spacing are summarized in Tables 7, 8 and 9 . In these tables, the first error on each quantity is statistical. The remaining uncertainties are systematic and we discuss them now.
Discretization errors
Ideally, one would extrapolate all computed quantities to the continuum limit, where discretization errors vanish. With two values of the lattice spacing, however, this is not possible. We must therefore use the information that we have to estimate the uncertainty associated with residual discretization effects.
In Table 7 , results for the decay constants display some dependence on lattice spacing. This suggests that discretization errors for these quantities may be important. The leading 
and 6.0. The solid line is a fit to the linear part of the heavy-quark-mass dependence given in Eq. (36) for X(M
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discretization errors with the mean-field-improved SW action are formally of O (α s a), as they are for the tree-level improved SW action. Subleading errors begin at O (α 2 s a) 12 and O (a 2 ). To estimate these leading and subleading errors, we consider the following variations in our procedure. O (α s a)-improvement of the axial current requires one to include the effect of the a∂ µ P counterterm through the replacement (P is the pseudoscalar density)
as well as to rescale the quark fields as
with both c A and b A evaluated at one loop [66, 72] . 
0.83
As already mentioned, to subtract higher-order discretization effects we use the EKLM normalization of Eq. (14). Thus we define the one-loop variation in the normalization of the quark fields through
where, using the results of [73] , we find b [73] . We find that the replacements of Eqs. (37) and (39) have opposite effects. The former lowers the decay constants while the latter increases their values. For the one-loop values of c A and b A , the cancellation is rather good and the resulting one-loop versus tree-level variation is certainly an underestimate of the residual discretization errors proportional to a. To get a more realistic estimate, we consider the variation brought about by each replacement separately. These variations are shown as the second error on the decay constants and their SU(3)-breaking ratios, f Ds /f D and f Bs /f B . We take the largest of the two to be a measure of residual discretization errors proportional to a.
13
To get a handle on errors proportional to higher powers of a, we consider the result of using the tree-level, quark-field normalization of Eq. (38) with b A = 1, instead of the EKLM normalization of Eq. (14) . These two normalizations differ at O (a 2 ) and we take the resulting variation to be a measure of these additional discretization errors. This variation is shown as the third error on the decay constants and their SU(3)-breaking ratios, f Ds /f D and f Bs /f B .
The symmetric discretization error which enters the systematic error in the final results of Eq. (9) is obtained by combining in quadrature our estimates of the residual discretization uncertainties proportional to a and of the uncertainties proportional to higher powers Results at the two values of the lattice spacing (continued).
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of a. While these two uncertainties are comparable at β = 6.2, the latter are significantly larger at β = 6.0 in the b-quark sector.
A similar estimate of discretization errors can be carried out for the four-quark matrix elements and their B-parameters. However, as we have already mentioned a full quantification of O (α s a) effects for these quantities is beyond the scope of this work. In fact, many discretization effects, such as those associated with the normalization of quark fields, cancel or partially cancel in the ratios of matrix elements used to define the B-parameters and SU(3)-breaking ratios. Furthermore, in Table 8 , results for B-parameters and SU(3)-breaking ratios exhibit very little lattice-spacing dependence, supporting the idea that discretization errors for these quantities are small. Thus, we assume that their statistical uncertainties encompass possible residual discretization errors. For the quantities of Table 9, however, which are obtained using the decay constants, we take into account the discretization errors on these constants.
Matching uncertainties
As already indicated in Section 3, to estimate the systematic errors arising from the perturbative matching of the various quantities we compute, we vary the scale, q * , at which α MS is evaluated, in the range between 1/a and π/a, and compare with the result obtained for q * = 2/a. We also consider the variation coming from computing Z 11 (M P l ), Z 1i and Z A with the constant c SW set to its mean-field-improved value instead of 1, keeping q * = 2/a fixed. SU(3)-breaking ratios of decay constants are not affected by these variations while those of B-parameters are not significantly so. These variations are reflected in the fourth error in Tables 7, 8 and 9.
Heavy-quark-mass extrapolations
As shown in Figure 11 , the decay constants have a pronounced extrapolation in heavy-quark mass, and the term quadratic in 1/(aM P l ) on the RHS of Eq. (36) contributes significantly. To quantify the systematic error associated with this extrapolation-the fifth error on the decay constants-we perform a fit of the heaviest three points in Figure 11 to the RHS of Eq. (36) , without the quadratic term. For the SU(3)-breaking ratios of decay constants, we perform a constant fit to these same three points. These uncertainties are propagated to the results of Table 9 . Figure 9 indicates that the heavy-quark-mass dependence of the B-parameters and their SU(3) breaking ratio is mild and to very good approximation linear. We have verified that a linear fit to the three heaviest points gives results that are well within the errors bars of the fit to all five points at β = 6.0. We assume that the same would be true at β = 6.2 if we also had five heavy quarks as there is no evidence for curvature on the three points that we have.
The ∆F = 2 matrix elements have a very pronounced dependence on heavy-quark mass, as seen in Figure 10 . Since we are not reporting results for the four-quark matrix elements themselves, we do not quantify the systematic errors associated with their determination.
One may worry that we have only three heavy quarks at β = 6.2 in our calculation of ∆F = 2 matrix elements. However, as we have just seen, the heavy-quark scaling of the Bparameters and their SU(3)-breaking ratio is mild and displays no evidence for curvature. This is confirmed by the behaviour at β = 6.0 where we have five heavy quarks. Thus, we believe that our results for B-parameters and the derived quantities of Table 9 at β = 6.2 are reliable. The situation is certainly not as favourable for the ∆F = 2 matrix elements themselves. There, there is evidence for curvature and our three points at β = 6.2 can be thought to yield only a rough estimate. Thus, we do not attempt to give a final result for these matrix elements from this procedure. In fact, this strong mass-dependence is one of the problems which make a reliable determination of r sd , from the ratio of individually calculated B q |O ∆B=2 q |B q , q = s, d, difficult. The extrapolation of r sd itself, on the other hand, is much milder and the curvature is much reduced. Thus, we extrapolate it linearly and verify, at β = 6.0 where we have enough points, that the result of a quadratic fit, r direct sd = 1.53 (17) , is entirely compatible.
14 In any event, the final value of r sd that we quote is that given by the "indirect" method, where none of this is a problem.
Another concern may be that our lightest heavy quark is too light to be in the heavy quark scaling regime. However, in all of our extrapolations, the points corresponding to this quark lie very nicely with the other points on smooth curves. Furthermore, our heaviest quarks are as massive as those in other relativistic calculations (see for instance [24] ). Thus, we are not distorting the heavy-quark extrapolations by including these lighter points, nor are we missing information on the heavier-quark end. Finally, as described above, we include in our errors the variation obtained by ignoring our lightest two points.
Ideally, one would have continuum extrapolations of results such as ours and of the same quantities computed in the static limit (corresponding to an infinite-mass heavy quark). Results for the b would then be obtained by an interpolation in heavy-quark mass instead of by extrapolation, as they are here. We leave such studies for the future.
Uncertainties in the determination of the lattice spacing
In quenched calculations, the value of the lattice spacing varies significantly with the quantity used to set the scale. This variation may be due, in part, to quenching effects, as well as any other systematic uncertainty which affects the quantity used to set the scale. In this work, we determine the lattice spacing from f K and m K , as described in Section 5. We then vary the inverse lattice spacing, a −1 , by ±7%. This range covers the variations observed in the determination of the scale from gluonic or light-hadron spectral quantities, with the same action and parameters we use [74] 15 , as well as the variation due to the uncertainty in the perturbative determination of Z A .
Uncertainties in the lattice spacing will obviously affect the determination of the decay constants and the dimensionful quantities derived from them. They will also slightly change the length of the heavy-quark-mass extrapolations (Figures 11, 9 and 10 ). Furthermore, they induce a variation in the strange-quark mass, which we obtain from the mass of the kaon, and therefore affect all quantities which depend on this mass.
In practice, we find that the variation of the lattice spacing discussed above does not induce a significant change in the B-parameters. However, it does affect all the decay constants and corresponding SU(3)-breaking ratios as well as the quantities of Table 9 which are obtained from these constants. This is reflected in the sixth error.
Quenching errors
Quenching effects for the quantities of interest here have been studied using quenched Chiral Perturbation Theory [69] . They are typically a few percent for the B-parameters if the theory's couplings are constrained by large-N c arguments and by the reasonable range of [69] , and larger outside these ranges. Recent results for the decay constants, obtained with two flavours of dynamical quarks (n f = 2), show little variation in f Bs /f B compared to its quenched value [38] [39] [40] [41] . The authors of [38] find that this ratio is enhanced by (5 ± 3)% in their calculation with light dynamical quarks. Thus, if quenching effects on the B-parameters are small, commensurate variations on r sd and ξ are expected. For the decay constants of B (s) mesons, quenching effects appear to be significant [38] [39] [40] [41] . For instance, the authors of [38] find that these decay constants are enhanced by 11% (14%) when lightquark loops are included, with a statistical significance of 2 to 3 standard deviations. For the D (s) mesons, the effect is of 3% (7%) and consistent with zero within roughly one standard deviation. These latter results suggest that quenching errors, at least on the B-meson decays constants, may be reduced by normalizing these constants with f Ds . The reduction of quenching effects is of about 7% and the remaining effects become consistent with zero. To the extent that quenching errors on the B-parameters are negligible, all of these considerations carry over to the quantities of Table 9 which are proportional to decay constants. It should be remembered, however, that the real world has a third dynamical light quark and the effects discussed above may yet be amplified.
A thorough estimate of quenching effects for all of the quantities that we calculate would require a dedicated unquenched simulation, which is beyond the scope of this work. Therefore, we do not attempt to quantify these effects specifically. Nevertheless, as we mentioned in the previous section, the uncertainty in the lattice scale is, in part, a quenching effect. To the extent that it is, we have already accounted for some quenching errors.
Determination of the light quark masses
Another potential source of systematic errors is the uncertainty arising from the determination of the light quark masses. For instance, we could have used m K * or m φ to obtain am s , instead of m K . Due to quenching and other systematic effects, the value obtained would differ. Our variation of the lattice spacing, however, has already taken some of these uncertainties into account, by inducing a (correlated) ∼ 15% variation in am s itself. Furthemore, given the small dependence of the B-parameters and decay constants on light-quark mass, the variations arising from the uncertainty in the determination of am s and from the fact that our u and d quarks are assumed massless will be well within the errors already considered.
Final results and discussion
Because of the excellent consistency of the results for B Bs , B B d , B Bs /B B d and f Bs /f B d at the two lattice spacings and because we cannot perform a continuum extrapolation with only two points, we take the results from the finer lattice at β = 6.2, which should have smaller discretization and matching uncertainties, to be our best estimates.
|B d , we also have a choice between the "direct" and "indirect" approaches described in the Introduction. While both methods give results which are compatible at the two values of the lattice spacing, the "direct" method leads to larger variations with lattice spacing and significantly larger statistical errors. Furthermore, as discussed in Sections 5 and 6, the light-and heavyquark-mass extrapolations are better behaved in the "indirect" method. Therefore, we take r sd obtained with the "indirect" method at β = 6.2 as our best estimate for this quantity.
A summary of our results for quantities directly relevant for B−B mixing is given in Eq. (8) . These results are compatible with previous calculations of some or all of these quantities, which were performed using less improved relativistic fermion actions [13, 23] , as well as with the recent calculation of [24] , which makes use of a non-perturbatively, O (a)-improved, Sheikholeslami-Wohlert action. While the decay constants in [24] are non-perturbatively improved, 16 B-parameters and four-quark matrix elements are not. Thus, for those quantities, the discretization accuracy of that calculation is formally the same as ours. Moreover, the authors of [24] do not investigate cutoff dependence, as we do here with our two lattice spacings. Our results are also consistent, once systematic errors are taken into account, with the NRQCD results of [25, 26] , whose B-parameters are 7-10% smaller than ours.
For the decay constants and quantities proportional to them, the situation is less favourable. We do observe a two-statistical-standard-deviation dependence on lattice spacing, indicating that discretization errors are more important for these quantities. We quantify these discretization effects, as described in Section 7.1. The corresponding uncertainty at β = 6.0 is large enough to bridge the gap between the results for B-meson decay constants at the two lattice spacings. For D-meson decay constants, agreement requires that one also take into account the statistical error on the β = 6.2 results. So, again, we take the results from our finer lattice which, in principle, have smaller discretization and matching uncertainties, to be our best estimates, confident that our errors are a reasonable estimate of the uncertainty associated with our fixed-lattice-spacing results. Our results for the decay constants are summarized in Eq. (9) . They are compatible with other recent calculations in the quenched approximation [32-36, 38, 39] , as reviewed in [44, 46, 47] . A very recent, non-perturbatively O (a)-improved calculation by the UKQCD Collaboration [37] yields f Bs and f B which are over two statistical standard deviations higher than our results. The authors of [37] use the scale r 0 [75] to set the inverse lattice spacing, a −1 , which gives an a −1 at the top of our range. They further use the preliminary non-perturbative values of b A obtained in [76, 77] and the non-perturbative values of c A obtained in [78] .
17 Agreement with our results is recovered, nonetheless, when systematic errors are considered. For D-meson decay constants, their results agree with ours within statistical errors.
All of our results are obtained in the quenched approximation. They include a quenching error to the extent that the uncertainty in the lattice spacing, which we account for, is a quenching effect. While we have discussed these effects at some length in Section 7.5, a thorough estimate of quenching effects for all the quantities that we consider here would require a dedicated unquenched simulation, which is beyond the scope of this work. Therefore, we do not attempt to quantify these effects any further.
Conclusion
We have reported on high-statistics, quenched lattice calculations of matrix elements relevant for neutral meson mixing and leptonic decays of B and D mesons. We use meanfield-improved Sheikholeslami-Wohlert actions to describe quarks and work at two values of the lattice spacing. We have performed an extensive study of systematic errors and we believe that our final results, presented in Eqs. (8), (9) and (10), carry errors which reflect conservatively the uncertainty associated with our fixed lattice spacing calculations.
Our results for neutral B-meson mixing are compatible with the results of other calculations of some or all of the quantities we consider [13, [23] [24] [25] [26] , as well as with the world averages of [17, [42] [43] [44] [45] [46] [47] . The same is true of our results for the decay constants, which are compatible with other modern, quenched determinations [32-36, 38, 39] and the world averages of [17, [42] [43] [44] [45] [46] [47] .
Finally, it should be emphasized that all of these results are obtained in the quenched approximation. They include a quenching error to the extent that the uncertainty in the lattice spacing, which we account for, is a quenching effect. While we discussed quenching effects at some length in Section 7.5, a thorough quantification of these effects for neutral B-meson mixing matrix elements would require a dedicated unquenched simulation, which is beyond the scope of this work. It is important, however, that such a study be undertaken. The pioneering n f = 2 studies of decay constants [38] [39] [40] [41] are a first step in this direction.
